Review (Formulas)

Normalized Signal Energy and Signal Power
CT periodic signals with period T

E:/ 122(¢)|dt P= lim ——
—00 T—o0
DT periodic signals with period N
1 N
P=—

E= ;Iﬂn]l

Fourier series

The trigonometric form of the Fourier series for a periodic signal z(t) is

o0 o0
z(t) = ap + Z @y, COS Nwot + Z b,, sin nwyt

n=1 n=1
where
L war
ap = T /0 x(t)
2 [T
ap = — / x(t) cos nwot dt
Yb 0
2 [Ty
by, = = / x(t) sin nwot dt
Yb 0

The exponential form of the Fourier series is

x(t) = Z X, einwot
where
1

X, =—
T

To )
/ x(t)e "ot dt
0

X, in terms of a,, and b, are

v~

)Q)::ao

(an — jby), n >0
(an + jbn),n <0

DN [ =0 [ =

n # 0
n#0

Parseval’s theorem gives the average power in terms of the line spectra

o0

}%v:: 2: |)(nF

n=—oo

=X;+2) | X,/

n=1
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Simplification for Fourier series coefficient due to signal symmetry

Signal Signal X, a, & by,
Symmetry|property coefficients |coefficients

Even z(t) = z(—t) Real b, =0, for all n
Odd z(t) = —z(—t Imaginary ap =0, for all n
Half-wave |z (t + %) = z(t) |Complex an =b, =0, n odd
even X, =0,n odd

Half-wave |z (t + %) = —z(t)|Complex an =by, =0, n even
odd X, =0,n even

Convolution

The response of a LTI system to an input x(t) is expressed as a Convolution integral
is

y@:x@*Mﬂ:[ZxQM@—MM or
y@):h@)*ﬂﬂ::/jdex@—AﬁM

where h(t) is the impulse response.

Impulse response
The impulse response of

g%ﬁ+%mﬂ:%ﬂﬂ with y(t) =0

is equivalent to solving the homogeneous equation

dy(t
—%l+%ma:o with y(0) = b

Similarly, the impulse response of a second order system

d?y(t) dy(t)
az Ty

+ apy(t) = box(t)

can be found as the solution to the homogeneous equation

d*y(t) | dy(t)

dt2 + a; dt + aoy(t) =0 with
dy(0
y(0) =0 and% = by

From s-domain h(t) = L7 H(s)
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Fourier Transform Fourier transform and the inverse Fourier transform are

Fla()) = X(f) = / T ()it

—00

FUX()}=at) = [ X(Deaf

Fourier Transform Pairs

(1) X(f)

o(t) jer f

(1) 1

§(t —to) e~J2mfto

eI?mfot o(f = fo)

1 o(f)

I (f) Tsinc(Tf)

2W sinc(2Wt) 1 (55)

A (f) Tsinc?(Tf)

sinc(t) I1(f)

u(?) 30() + 727

sgn(t) ﬁ

+ —jsgn(f)

e~ u(t) m

te*u(t) m

el a2+%§é7rf22

efw(%)2 giﬂ(‘rt)

cos 27 fot S0(f = fo) +30(f + fo)
sin 27 fot Qij(s‘(f_f())_%j(s(f—i_f())
tu(t) =0(f) = 1p

B(t) = x(t) * 5 —jsgn(f) X(f)

Y om=—o0 0(t — mT5) 7 Lm=—oo 0(f — mf;)

Energy Spectral Density
The normalized energy of a signal in terms of its Fourier signal is

B~ [ Xk

The Energy Spectral Density is
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Fourier Transform Theorems (Operational Transforms)
Operational Properties of the Fourier Transform

Transform x(t) X(f)
Duality X(t) z(—f)
Superposition ar1m1(t) + aswa(t) a1 X1 (f) + aaXo(f)
Time delay z(t — ty) X (f)e—i2nfto
Time reversal x(—t) X(—f)
Scaling z(at) \11;|X ( )
Frequency translation x(t)e/?"/ot X(f = fo)
Modulation x(t) cos(27 fot) sX(f— fo) +3X(f + fo)
Derivative dr S:) 72 fX(f)

T (727 f)" X (f)

—r X (f) tx(t)

Integral [ x ( )dt jZ;fX(f) + X (0)6(f)
Convolution x () * z2(t) X1 (f)Xa(f)
Conjugation x*(t) X*(f)
Multiplication 21 () * 22(t) Xi1(f) = Xo(f)

System Analysis with Fourier transform
The response of a LTI system is represented as

x(t) ) @ = [T 2O0h(t - N)dx
— LTI System —_—
D H(f) Y(f) = X(HH)

The time domain response is the inverse Fourier transform of Y(f), i.e.,
o

y(t) = [ X(HH(e™

The system transfer function H(f) can be found in following ways:

1. From the impulse response h(t), find H(f) = F[h(t)].

2. Obtain Fourier transform of the system differential equation and find the ratio

T8 to find H(f).

3. Transform the time domain equations into the phasor domain, expressing circuit
elements with
impedances and find the transfer function.

4. Find the Laplace transform of the differential equations, obtain the s-domain
transfer function and replace s by j27 f.
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Steady-State Response to Harmonic Inputs
The Fourier transform of the output of LTT system is

o0

y(t) =

n=—oo

or

y(t) = agH(0) + i an|H (nfoy)| cos (nwot + LH(nfy)) + i bu|H (nfo)|sin (nwot + ZH (nfy))

n=1

Butterworth Lowpass Filters

First-order

Second-order

Third-order

ST X || H (nfo)|ed ot £Xnt LH (o))

n=1
We
H(S) - s+ w
2
w
H(s) = ¢
(5) 52+\/§wcs+w2
3
H(s) = e

83 4 2w.s? 4 2w?s + w?

The Frequency response amplitude of the nth order LP Butterworth Filter is
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Sampling
The sampled signal is given by x(t) = p(t)x(¢)
The spectrum X, (f) of the sampled signal is

X,(f) = 3 CX(f —nf)

where C), is the Fourier series coefficients of p(¢). For impulse-train sampling, C}, = fs,
and the spectrum of the sampled signal becomes

() = £, 3 X(f = nf)

Signal Recovery — Ideal interpolation
The spectrum of the recovered signal by an ideal low pass filter (bandwidth 0.5f;,
and height fi) is given by X (f) = fin, and the recovered signal is

E]

yt)~alt) = S e(kT)h(t — KT)

k=—o00

where h(t) is the LPF impulse response, for ideal LPF A(t) is the Sinc function.

Quantization and Encoding

The quantizing step size S, for ¢ quantizing level (¢ = 2") is given by
D D

S = — = —

qg 2°

where D is the maximum variation of z(t).
The mean square error (Signal noise) is = 22727,
If P is the signal power, the signal-to-power ratio (SNR = P;/FE) in decibels is

SNRyp = 10.79 + 6.02n + 101og,, P, — 20log,, D

Discrete-Time Fourier Series (DTFS)
The trigonometric Fourier series coefficients for a DT signal is follows:

2
ap = 7 T
N =
9 N1 2mn
an:—Zxkcos<—k> n#0
N = N
2 N1 2
b, = N T Sin (%k) n#0
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The Fourier series expression for x(t) is

] 1=

a
z(t) = 50 + @y, COS NWot + by, sin nwyt

n=1

or .
Qo 2

z(t) = 5+ > ¢, cos(nwot + ¢y,)
n=1

where ¢, and ¢,, can be found from the following triangle

N

'¢n

Qp

Trigonometric Identities

1
cos u cosv = —[cos(u — v) + cos(u + v)]

sinu sinv = =[cos(u — v) — cos(u + v)]

(NNl V)

sinu cosv = §[sin(u —v) +sin(u + v)]
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